In this paper, in the framework of nonrelativistic QCD we study the light hadron (LH) decays of the spin-triplet (S=1) D-wave heavy quarkonia. The short-distance coefficients of all Fock states in the 3 D J (J = 1, 2, 3) quarkonia including the D-wave color singlet, P -wave color octet, and S-wave color singlet and color octet are calculated perturbatively at α 3 s order. The operator evolution equations of the four-fermion operators are also derived and are used to estimate the numerical values of the long-distance matrix elements. We find that for the cc system, the LH 
I. INTRODUCTION
The production, decay, and mass spectrum of heavy quarkonium have been interesting topics since the first charmonium state J/ψ was discovered in 1974. Because of their large mass scales and nonrelativistic nature, heavy quarkonia are good probes to study and understand quantum chromodynamics (QCD) from both perturbative and nonperturbative aspects. In fact, one of the earliest applications of QCD is to calculate the inclusive decay rates of heavy quarkonia. In early times, it was assumed that such a decay process can proceed through two steps. First, the heavy quarkonium transforms into a free QQ pair, which is a long-distance nonperturbative effect. Then, the heavy-quark pair annihilates into light hadrons (LH) through gluons, which can be calculated perturbatively. In the nonrelativistic limit, the long-distance part is related to the QQ Schrödinger wave functions or their derivatives at the origin. In this picture, the free QQ are in color singlet and have the same quantum numbers J P C as the bound state heavy quarkonium. This is referred to as the "color-singlet model". Explicit calculations at next-to-leading order (NLO) in α s for S-wave quarkonium decays support the color-singlet model factorization formula. But it breaks down in the calculations of P -wave [1, 2] and D-wave [3, 4] heavy quarkonium LH decays at α 3 s order, where infrared divergences appear. Phenomenologically, these infrared divergences are regularized by the binding energy of QQ bound states.
In Ref. [5] , Bodwin, Braaten, and Lepage first introduced the color-octet matrix elements to absorb the infrared logarithms, then they developed nonrelativistic QCD (NRQCD) effective field theory [6] , based on which the inclusive decay rate of heavy quarkonium can be given by a rigorous factorization formula, and calculated in a systematic way by double expansion of α s , the coupling constant of QCD, and v, the typical velocity of heavy quarks in the heavy quarkonium. In their formula, heavy quarkonium is treated as a superposition state of |QQ , |QQg , |QQgg , and other higher order Fock states, rather than the |QQ color-singlet state only. The contribution of each Fock state is organized in powers of v 2 , and can be written as a product of the long-distance matrix element and the corresponding short-distance coefficient. Huang and Chao [7] first got the infrared finite LH decay width of the spin singlet P -wave state, h c , with QCD radiative corrections in the framework of NRQCD. The decay widths of χ c J → LH were calculated to α 3 s order in Refs. [8, 9] . Complete and detailed results of color-singlet and octet-short distance coefficients of S-wave and P -wave spin-triplet states were given in Ref. [10] . In Refs. [10, 11] , the authors also explained why the infrared divergences disappear in the NRQCD factorization approach.
NRQCD is now a widely accepted effective field theory for heavy quarkonium. In the framework of NRQCD, lots of theoretical work has been done to study S-and P -wave quarkonium decays, and some significant successes have been achieved (for a review see
Ref. [12] ). Recently, the order v 7 results of S-and P -wave heavy quarkonium inclusive hadronic decays were obtained by Brambilla et al. [13] However, compared with S-and Pwave heavy quarkonium, little work has been done on D-wave states in NRQCD. In this paper, we will calculate the LH decay widths of spin-triplet D-wave states 3 D J (J=1,2,3).
Here the subprocesses 3 S
→ LH and 3 P [8] J → LH at leading-order (LO) in v 2 are all included, in which the short-distance coefficients are calculated in a different way and in agreement with the results in Ref. [10] . As the main part of these D-wave quarkonium decays, the infrared safe short-distance coefficients of 3 D
[1]
J → LH are first obtained in this paper. We use the covariant projection method, which was first introduced in [14] and generalized in Refs. [10, 15] , to do the perturbative calculations. At LO in v 2 , the long-distance matrix elements of color-singlet D-wave four-fermion operators are related to the wave function's second derivative at the origin. And the matrix elements of the S-wave and P -wave octet and of S-wave singlet four-fermion operators could be studied in lattice simulations, or determined by fitting experimental data, or roughly estimated through velocity scaling rules.
To give numerical predictions, here we use operator evolution equations to estimate the values of the matrix elements. The rest of our paper is organized as follows: In Sec.II, we briefly introduce the NRQCD effective field theory and give the general formulas used in D dimension. In Sec.III, all the subprocesses will be calculated to α 3 s order. And after matching the full QCD results with the NLO NRQCD ones, the infrared safe short-distance coefficients as well as the operator evolution equations are obtained in Sec.IV. In Sec.V, we will discuss the numerical results and their phenomenological applications to cc and bb systems.
II. GENERAL FORMULAS
The Lagrangian for NRQCD is [6] :
where L light includes gauge field and light quark parts, and L heavy is the nonrelativistic Lagrangian for the heavy quarks and antiquarks:
where ψ and χ † are the Pauli spinor fields that annihilate heavy quark and antiquark, respectively, and D t and D are the time and space components of the gauge-covariant derivative D µ . δL describes the relativistic effects. The leading-order v 2 corrections are the bilinear terms:
where c i could be obtained by using the Foldy-Wouthuysen-Tani transformation [16] , diagonalizing the Dirac theory so as to decouple the heavy-quark and antiquark degrees of freedom. To reproduce the full QCD Lagrangian and to describe the annihilation of the heavy-quark pair, four-fermion local operator terms are also needed:
where O n (µ Λ ) is the local four-fermion operator with the general form (ψ
, and f n (µ Λ ) is the Wilson coefficient. In effective theory both operators and coefficients are dependent on the factorization scale µ Λ , but their combinations cancel the dependence.
With the help of the optical theorem the inclusive decay rate of a heavy quarkonium state H could be expressed as:
In principle, we need infinite terms to give theoretical predictions, but in practice only a finite number of these terms are needed to give an order of v 2 result, since the long-distance matrix elements can be ordered in powers of v 2 by applying the velocity scaling rules summarized in Ref. [6] . And the short-distance coefficients (Wilson coefficients), defined in the matching condition below, can be calculated perturbatively as a perturbation series in QCD coupling
When quark and antiquark are in a particular angular momentum state J and color state 1 or 8, the imaginary part of the left-hand side of Eq.(6) can be calculated with the covariant projection method [10] :
where O( 2S+1 L J ) QCD equals to the corresponding NRQCD four-fermion operator expectation value at tree level, L is the orbital angular momentum, S is the total spin of the heavy-quark pair, and K is the degree of freedom of the initial state. For spin-triplet states with L=0, L = 1, and L = 2, the relations between M(QQ) [1, 8] 3 L J and the full QCD Feynman
M((QQ)
where ǫ 
where P µ is the four momentum of the heavy meson and P 2 = 4E 2 , and 2q µ is the relative momentum between the quark and antiquark. The color projectors are
In the Fock space, the ψ( 3 D J ) states are represented by
Here, the probability of P -wave and 
where the four-fermion operators are defined a as
For some processes, we need to calculate the NLO QCD corrections. To handle the ultraviolet (UV) and infrared (IR) divergences in the dimensional regularization scheme, one should extend the projection method into D = 4 − 2ǫ dimensions. The definitions of γ matrixes in D dimensions can be found in quantum field theory books. And the sums over polarization tensors ǫ
αρ and ǫ
a The normalizations of the color singlet four-fermion operators agree with those in Ref.
[10]
And the degrees of freedom are D − 1 for the S-wave state; 1,
for J=0, 1, 2 P -wave states; and D − 1,
states. The rather trivial extensions for L = 0 and 1 cases were given in Ref. [10] . Here three principles are adopted to construct the nontrivial results for the D-wave case. First, the symmetry of the three indexes should be kept; second, the inner products between one tensor and the other two are zero; third, the completeness condition should be satisfied:
We calculate the degrees of freedom of each To get the NLO NRQCD results, the operator mixing equation (15) between P -wave and D-wave operators in momentum space should also be extended into D dimension for consistency:
where C P J ,D J ′ are the generalized Clebsch-Gordan coefficients:
where the repeated indexes mean being summed in D dimension.
After resolving the above problems, one can do calculations from both full QCD and NRQCD straightforwardly.
III. FULL QCD CALCULATION
In Sec.II, it has been explained that at leading order of v 2 the LH decays of 3 D J contain the subprocesses of QQ
gluons or light quarks. When doing the calculation with full QCD theory, for simplicity, only the explicit imaginary part ofĀ is given here, 2ImĀ((QQ)
In the following subsections, the contributions at α 2 s order, and the corresponding real and virtual corrections will be given in Secs.IIIA, IIIB and IIIC respectively. As for the processes whose tree level diagrams are already at α 3 s order, their results will also be given in Sec.III.
A. LO Results
There are three subprocesses (QQ) [8] 3 S 1 → qq, (QQ) [8] 
where
ǫ is the two-body phase space in D dimension.
B. Real Corrections
Besides the real corrections (RC), other processes with three bodies in final states include (QQ)
→ qqg and (QQ) +k1, k2, k3permutation
[g4]
[G3]
Diagrams with different positions of k i are neglected. In Feynman gauge the ghost diagrams should also be contained.
splitting functions when one gluon is soft or two light partons (gluon or light quark) are collinear. Three variables
process. For energy conservation x 1 + x 2 + x 3 = 2. The three-body phase space in D dimension becomes
In the phase space, the x i = 0 region is the soft region of particle with momentum k i , and the x i = 1 region is the collinear region of the other two particles. And the inner products of those four momenta are
There are 18 diagrams in the QQ → ggg process. Because of J P C conservation, only class
J → ggg processes. In the 3 P And all the diagrams should be calculated in the 3 S
[8]
1 → ggg case. We now proceed to show how to get the physical results at a differential cross section level when ghost diagrams are contained. In the Feynman gauge, when the three or four gluon vertex appears, the nonphysical (NP) degrees of freedom are removed by ghost diagrams. Label the square of the amplitudes of the gluon diagrams in the Feynman gauge with the subscript NP, and express the ghost result as
where G k i andḠ k j are for ghost and antighost with momentum k i and k j , respectively. To cancel the NP part of each gluon, all possibilities of indexes i, j should be summed over.
Then proper physical results at the differential level are
Here we omit the details and only give the real corrections below
where the "=" are correct at O(1), → qqg, which include all the Feynman diagrams in Fig.[2] , and (QQ) 3 P
[8] J → qqg, in which there are only two diagrams q[2] and q [5] . As in the 3g processes both the Feynman amplitudes and the phase space integrals are calculated in D dimension directly and the results are
|M((QQ)
The virtual corrections are performed with a renormalized Lagrangian, in which the renormalization constants of the QCD gauge coupling constant g s = √ 4πα s , heavy-quark m Q , heavy-quark field ψ Q , light quark field ψ q , and gluon field A µ are defined as
where the superscript 0 labels bare quantities, and Z i = 1 + δ i . Here a mixing renormalization scheme [17] is adopted. The quark mass m Q , heavy-quark field ψ Q , light quark field ψ q , and gluon field A µ are defined in the on-shell condition, while g s is in the minimalsubtraction(MS) scheme. Then in this mixing scheme, these renormalization constants are
, and N f is the number of light flavor quarks. The representative virtual correction Feynman diagrams for the Born processes in Sec.IIIB are shown in Figs.4 and 5, without external leg correction diagrams in this scheme. The UV divergences in selfenergy and triangle diagrams will be canceled by the counterterm diagrams correspondingly.
To regularize the Coulomb 1 v poles in the virtual processes, the loop integrals are done first before setting the relative momentum q = 0. Also in (QQ)
→ gg processes, we integrate the loop momentum first then compute the first derivative of the Feynman amplitudes with respect to q α . When q = 0, the momenta of Q andQ are
− q, where P is the meson total momentum, and the momenta of the two massless final state particles 
where s = 4m
. We do the calculations diagram by diagram and summarize the results in the following form:
where D k for each process are listed in Table[ → qq.
Diag. → gg.
D. Summation of Real and Virtual Corrections
Collecting the RC with VC, we obtain the full QCD results at O(α 3 s ): There are still infrared divergences and Coulomb singularities in some of the expressions above. As explained in Ref. [6] , the infrared divergence comes from the soft gluon emission of heavy quarks, and the Coulomb singularity reflects the behavior of heavy quarks in the potential region. In next section, both of them will be repeated precisely when doing the NLO corrections for NRQCD matrix elements in the corresponding regions.
As mentioned above, the S-and P -wave subprocesses have been studied by Petrelli etal. [10] . In their paper, the soft and collinear singularities are separated with the help of eikonal approximation and Altarelli-Pasrisi splitting functions, then they calculate the finite part in 4 dimension. In this paper, we recalculate them in D dimension directly as a cross check, and get the same results. The D-wave subprocesses have also been considered in Refs. [3, 4] but they did the calculations in 4 dimension, and regularized the infrared divergence with the binding energy.
IV. NRQCD RESULT AND OPERATOR EVOLUTION EQUATIONS
There are three typical energy scales in the heavy quarkonium system, related to the small parameter v. They are m Q (the heavy-quark mass), m Q v (the typical momentum of heavy quarks in heavy quarkonium), and m Q v 2 (the binding energy). Then, there are three dynamical regimes in the NRQCD effective theory, in which either the heavy-quark or the gluon is on mass shell, and they are soft regime :
where k ν and p ν are the momenta of the gluon field and heavy-quark field, respectively, and
. Because there are more than one regimes in the nonrelativistic system, matching the production and annihilation of external heavy-quark and antiquark pairs at certain order in v can not be manifest, though the power counting rule, velocity scaling rule, of operators in NRQCD is simple. This problem has been addressed in several papers [18] [19] [20] [21] [22] [23] [24] [25] , and the matching prescriptions based on dimensional regularization in NRQCD were also clarified. Furthermore, the potential NRQCD (pNRQCD) effective soft :
FIG. 6: NRQCD Feynman rules for heavy-quark and gloun propagators in different regimes.
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FIG. 7: NRQCD Feynman rules for heavy-quark gluon vertex.
theory was proposed by introducing the potential to manage the nonperturbative effect in
Ref. [26] . The NRQCD Feynman rules for propagators in the Coulomb gauge [25] , are shown in Fig.[6] , where δ Since the short-distance coefficients are obtained by matching full QCD results with NRQCD results, we only need to calculate the real parts of the matrix elements. Figure   8 gives the LO Feynman diagram. At NLO in α s , when the inner gluon line joints two incoming or outgoing quark lines, a nonvanishing real part only appears in the potential region. When the inner gluon line connects with one incoming quark line and one outgoing quark line, the power counting rules [25] tell us that the soft region will provide the leading order contribution in v. The external self-energy diagrams are dropped to be in accordance c The Feynman rules are the same for the corresponding interaction terms in different regimes though their power counting may be not.
FIG. 8: NRQCD Feynman Diagram for LO matrix elements
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FIG. 9: NRQCD Feynman Diagrams for NLO matrix elements
with the renormalization scheme in full QCD calculation. Then we only need to calculate, two class, six NLO Feynman diagrams shown in Fig.[9] .
For convenience, we present the detailed NLO corrections of the P -wave octet matrix
J ) , which are more representative than the S-wave ones. The LO result O( 3 P
]
J ) Born is trivial. Using the Feynman rules for propagators in the soft regime and vertices, the loop integral of diagram (a) reads
After performing the contour integrating of k 0 = |k| − iǫ,
which is both infrared and ultraviolet divergent. In the dimension regularization scheme the result is
The integrals of (b-d) in Fig.[9] could be calculated in the same way:
The loop integral of diagram (e) in potential regime could be written down similarly:
where T = |p| 2 2m Q
. When k 0 is integrated out:
This could be done in D dimension directly. Regularize the Coulomb singularity by intro-
, then at v −1 order we have
The integral of diagram (f) has the same real part but with a plus sign before the virtual part.
The color structures for diagrams (a), (c) and (b), (d) and (e), (f) are obtained by the color decomposition listed in the first, second, and third line below respectively:
Combining the integrals with the according color factors and summing them over, we obtain the NLO NRQCD corrections for the P -wave octet operator matrix elements, which are UV divergent and need to be renormalized:
where O(
and the superscript "0" means the matrix elements of the bare operators. As expected, at NLO the P -wave octet operators are mixed with the D-wave singlet and octet ones, and with the help of Eq.(15), they could be reexpressed as
where C J,J ′ are defined in Eq.16 and for
, 3 4 , 0; 
where C (42), and Coulomb singularities, which will absorb the infrared and
Coulomb divergences in full theory:
where µ Λ is the renormalization scale. The matrix elements of the S-wave octet operator at NLO could be computed in the same way:
The matrix elements of the S-wave singlet operator and D-wave singlet operators at NLO do not need to be calculated , for their LO short-distance coefficients are already at O(α 3 s ). Multiply the matrix elements with the short-distance coefficients, we obtain the NRQCD result at NLO in α s :
Finally, matching the NRQCD results with full QCD results, we get infrared safe short-
2Imf
The P -and D-wave short-distance coefficients are µ Λ dependent, and their µ Λ dependence can be canceled by the renormalized operator µ Λ dependence. The µ Λ dependence of the renormalized operators could be derived out by finding the derivative of both sides of Eq. (41) with respect to µ Λ :
Remember, for bare quantities,
1 ), though we do not calculate its NLO NRQCD corrections. By solving the differential equations, all S-and P -wave operators' expectation values in |H J ′ states are related to that of the D-wave singlet operators:
In pNRQCD, the S-wave color-octet matrix elements for P -wave heavy quarkonium decays are also estimated through operator evolution equation [27, 28] . And the relations between their results and ours are discussed in our previous work [29] , which shows that the two methods are consistent with each other.
V. NUMERICAL RESULT AND DISCUSSION

A. 3 D J Decay into LH
For heavy-quark spin-symmetry, the long-distance matrix elements of D-wave fourfermion operators are equal to each other for different J, and relate to the second derivative of wave functions at the origin:
The matrix elements of the P -wave octet operators and the S-wave singlet as well as octet operators in the corresponding J ′ states could be estimated through the resolution of operator evolution equations, Eq.(47). When µ Λ 0 and µ Λ are separated widely enough, the evaluation terms will be much more important than the boundary terms labeled with µ Λ 0 .
Here we set µ Λ 0 = m Q v, where v 2 = 0.3 for charmonium and v 2 = 0.1 for bottomonium, since the NRQCD perturbative calculations could only hold down to scale of order m Q v:
We also assume µ Λ = µ, for the factorization scale µ Λ in NRQCD also acts as the renormalization scale in operator renormalization. In the end, we come to the overall expressions for the LH decay widths of 3 D J (J = 1, 2, 3) states to NLO in α s at leading order of v 2 :
Making a choice of m c = 1.5GeV, Λ QCD = 390MeV,
GeV [30] and N f = 3 for charmonia, we obtain at µ = 2m c :
When µ = m c and the other parameters are fixed, the results turn to be: And the µ dependence of the decay widths at O(α 
If we reset their parameters the same as ours with α s = α s (2m c ), M = 2m c = 3.0GeV,
7 , the potential model predictions become:
It could be found that in the cc system the NRQCD predictions are about 2 ∼ 3 times larger than potential model results. In leading logarithm approximations [4] , the ratios of the LH decay widths for J = 1, 2, 3 are Γ(
: 1 : 4. Including the nonnegligible corrections to the leading logarithmic terms [3] , the ratios turn to be: 40 : 3 : 17.
And the relative ratios predicted by NRQCD at µ = 2m c = 3.0GeV and µ = m c = 1.5GeV [36, 37] , and the latest experimental average of its width is Γ(ψ(3770)) = 27.3 ± 1.0MeV [38] . But there is a long-standing puzzle in its non-DD decay that the ψ(3770) decay is not saturated by the DD decay [39] . A detailed discussion about this problem could be found in our previous paper [40] , and in this paper we will briefly review it in Sec.VB.
The remaining J = 2 and J = 3 states are both expected to be narrow with different
is presumed to lie between the DD and DD * thresholds [41] and is forbidden by parity to decay into two pseudoscalar D mesons. While narrowness of ψ(1
contrast is due to suppression by the DD F -wave angular momentum barrier [31, 41] . The principal decay modes of ψ(1 in this paper by setting
, we find the logarithmic terms as well as the π 2 terms in the potential model results can be exactly reproduced within the NRQCD approach. This then provides an alternative way to relate the value of ln
to the potential model estimation. Using the inputs r = 2.5GeV −1 given in Ref. [3] , m b = 4.6GeV, α s = 0.18, and N f = 4, we get ln αs(µ Λ 0 ) αs(µ Λ ) = 0.58, which is consistent with the value we obtained by choosing µ Λ = 2m b and
In Ref. [44] , the branching ratios of some decay modes of Υ(1 3 D J ) are summarized in [46] . Since the LH decay widths of Υ(1 3 D J ) are now calculated in the framework of NRQCD, we update the theoretical predictions for these ratios in Table IV, where the numerical results in Eq.(56a) are taken as estimations for LH decay widths of
In 2004, the CLEO Collaboration observed Υ(1D) in the four-photon cascade
by Υ(1S) → l + l − , and the branching ratio is B(γγγγl + l − ) Υ(1D) = 2.5 ± 0.5 ± 0.5 · 10 −5 [47] .
The signals are interpreted as predominantly coming from the production of Υ(1 3 D 2 ). Small contributions of Υ(1 3 D 1 ) and Υ(1 3 D 3 ) can not be ruled out. In the near future, with more accumulated data, all the spin-triplet Υ(1 3 D J ) states may be identified. Unfortunately, the D-wave bottomonium LH decays could not provide a good probe to find out whether NRQCD is prior to the potential model to describe the bottomonium system, for the difference between the two theoretical predictions is small, unless a very precise measurement is made.
For the n=2 states, no experimental evidence has been observed until now. To make a theoretical comparison for Γ(Υ(2 3 D J ) → LH), the numerical potential model predictions are needed. Recently, BES reported [48] [49] [50] that the branching ratio of the non−DD decay of ψ (3770) is about 15%. While the corresponding data of CLEO [51] imply zero. The total width Γ(ψ(3770)) is 23.0 ± 2.7 MeV [52] d , and the hadronic and E1 radiative transitions contribute about only 350-400 keV and 1.5-1.8% to the decay width and the branching ratio of nond In this subsection, we still cite PDG06 data, to be in consistent with our analysis in Ref. [40] 3 D DD decay mode, respectively. To clarify this puzzle, the annihilation decay of ψ(3770), i.e.
ψ(3700) → LH, is considered in our previous paper [40] , where ψ(3770) is taken as a D-wave dominated state with a small admixture of the 2S state. We found when the annihilation decay is included, Γ(ψ(3770) → non − DD) is 1.15 ∼ 1.20MeV, corresponding to branching ratio of about 5%.
In the above sections, the short-distance coefficients and long-distance matrix elements 1 . In full QCD, the square of the D-wave amplitude is logarithm divergent in phase space integration, and that of S-wave amplitude is finite, therefore, the combination of them will be finite. Then the short-distance part in Eq.(59) could be calculated in 4 dimension: 2ImĀ((QQ)
Taking into account the corresponding long-distance part, we then obtain the final expression for the mixing term in Ref. [40] : 
